Abstract. Let C be an integral and projective curve; and let C ′ be its canonical model. We study the relation between the gonality of C and the dimension of a rational normal scroll S where C ′ can lie on. We are mainly interested in the case where C is singular, or even non-Gorenstein, in which case
Introduction
F. Enriques and D. W. Babbage [13, 2] proved that a nonhyperelliptic smooth canonical curve is the set theoretic intersection of hyperquadrics, unless it is trigonal or isomorphic to a plane quintic. It can be read off from their works the following statement: "a regular, integral and projective curve is trigonal if and only if it is isomorphic to a canonical curve which lies on a nonsingular two-dimensional rational normal scroll" From this perspective, two generalizations of such a characterization are quite natural, and, in fact, were actually done. One may consider higher gonality, or, rather, allow trigonal curves to have singularities.
In the first vein above, one finds, for instance, in Schreyer's [26, Sec. 6 ], a detailed study of the relation between a d-gonal canonical curve C and the (d − 1)-fold scroll S it lies on, specially when d = 4, 5 (and d = 3 as well). This envolves, e.g., verifying the uniqueness of the g 1 d ; finding the resolution of C inside S, and also determining upper and lower bounds for the invariants of S in terms of the genus of C.
On the other way, in [24] , Stöhr and Rosa devoted their study to the case where both the trigonal curve and the surface scroll are singular. Their results perfectly match the statement above replacing "regular" by "Gorenstein". A key point in their approach was that the linear series could possibly admit non-removable base points. This relaxation on the standard notion of a pencil turned out to be necessary once they proved that a canonical (Gorenstein) curve lying on a cone always meets the vertex, which cannot be removed, otherwise the curve would be hyperelliptic. Actually, systems with non-removable base points appear earlier in the literature, introduced by Coppens in [8] . Essentially, one is allowing torsion free sheaves of rank 1 (rather than bundles) in the definition of linear series, which, by its turn, allows pencils (rather than morphisms) to compute gonality (see Section 1.1).
When this study is led to non-Gorenstein curves, soon we come accross the following question: what exactly would be a generalization of the statement above in such a case? The terms "isomorphic" and "canonical" leads now to different ways, depending on which choice we make. Indeed, given a d-gonal non-Gorenstein curve C, one may look for a (d − 1)-fold scroll containing: (i) either an isomorphic copy of C by means of a suitable embedding; (ii) or, rather, a curve C ′ which could be naturally called a "canonical model" for C.
In Example 2.1 we make few remarks about the difficulties of getting (i) above since the standard methods of inducing inclusions on scrolls by pencils may fail to reach the expected dimension when C is not Gorenstein. On the other hand, if (ii) stands for an option, one may deal, for instance, with the notion of a canonical model C ′ introduced by Rosenlicht in [25] and also studied by S. L. Kleiman along with the third named author in [17] (see Section 1.2). Moreover, within this framework, [17, Thm. 3.4] which states that C ′ is the (non-degenerate) rational normal curve (of minimal degree) if and only if C is either hyperelliptic or rational nearly normal, can be rephrased as: C is 2-gonal if and only if C ′ lies on a 1-fold scroll. So the mere formalism of considering rational normal curves as scrolls turns here into the first step of a general result, proved in Theorem 4.3 for monomial curves.
We start discussing the general case in Section 2. We show in Theorem 2.2 how to get an inclusion C ′ ⊂ S from any pencil on C. In particular we get that S is (d − 1)-dimensional if C is d-gonal. The result extends Stöhr-Rosa's [24, Thm. 2.1, Lem 2.3] from trigonal curves to any gonality, using similar methods based on Andreotti-Mayer's [1] . We also give an upper bound for the dimension of the singular set of S in terms of some invariants of the pencil, and look for sufficient conditions for S to be in fact singular.
In Section 3 we do the reverse engeneering, that is, we assume C ′ lies on a given scroll S with prescribed dimension d and intersection number ℓ with a generic fiber of S. Varrying ℓ, we are able to relate some important properties of C with d and other invariants of S. Our main concern is gonality, but we also study the number of non-Gorenstein points of C and then check when the curve happens to be Kunz, nearly Gorenstein or nearly normal. These concepts, based on local principles introduced by Barucci and Fröberg in [4] , got a geometric characterization in [17, Thms. 5.10, 6 .5] where they were connected to projective and arithmetic normality of the canonical model. They seem to be an essential tool when making first distinctions among non-Gorenstein curves. We summarize the results we got in Theorem 3.1, which is a generalization to arbitrary d of [18, Thms. 2.1, 4.1], proved to d = 2, 3 by Marchesi along with the first and last named author. We close the section with Theorem 3.2, which deals with a particular case.
However, we do not obtain a converse for the assertion of prior section. In fact, it will be clear the difficulty of adjusting the arguments of, for instance, [26, 5, 6] , even for small d, when the dualizing sheaf fails to be a bundle. On the other hand, in Section 4, we prove that C is d-gonal if and only if C ′ lies on a (d − 1)-fold scroll if C is a rational monomial curve in Theorem 4.3. It generalizes [18, Thms. 3.3, 5 .1] which was proved assuming d = 2, 3 and C with just one singular point. The key point is a combinatorial description of C ′ in Theorem 4.1, which is an extension of [18, Prp 3.1] and by means of slightly different arguments.
Preliminaries
For the remainder, a curve is an integral and complete one-dimensional scheme over an algebraically closed ground field. Let C be a curve of (arithmetic) genus g with structure sheaf O C , or simply O, and k(C) the field of rational functions. Let π : C → C be the normalization map, set O := π * (O C ) and call C := Hom(O, O), the conductor of O into O. Let also ω C , or simply ω, denote the dualizing sheaf of C. A point P ∈ C is said to be Gorenstein if ω P is a free O P -module. The curve is said to be Gorenstein if all of its points are so, or equivalently, ω is invertible. It is said to be hyperelliptic if there is a morphism C → P 1 of degree 2.
1.1. Linear Systems and Gonality. A linear system of dimension r in C is a set of the form
where F is a coherent fractional ideal sheaf on C and V is a vector subspace of H 0 (F ) of dimension r + 1. The sheaf above is given by
for any open set U on C, which makes sense since x −1 ∈ k(C) and F (U ) ⊂ k(C). In other words, we are using the language of sheaves to the approach of "divisors by product" of [27] . That is, linears systems are regularly defined by
On the other hand, here, "divisors" are "fractional ideal sheaves" so "product" plays the role of "sum" and "inclusion" the role of "inequality" (see [27] for more details). So as x ∈ L(D) if and only if 0 ≤ D + div(x), similarly, x ∈ H 0 (F ) if and only if xO P ∈ F (U ) if and only if O P ⊂ x −1 F (U ) for any open set U . So the structure sheaf O is 0 and x −1 O is div(x) compared to the divisors theory. This approach happens to be useful specially for describing linear systems with non-removable base points, which we define below. The degree of the linear system is the integer
The notation g r d stands for "linear system of degree d and dimension r". The linear system is said to be complete if V = H 0 (F ), in this case one simply writes L = |F |. The gonality of C is the smallest d for which there exists a g 1 d in C, or equivalently, the smallest d for which there exists a torsion free sheaf F of rank 1 on C with degree d and h 0 (F ) ≥ 2. A point P ∈ C is called a base point of L if xO P F P for every x ∈ V . A base point is called removable if it is not a base point of L(O V , V ), where O V is the subsheaf of the constant sheaf of rational functions generated by all sections in V ⊂ k(C). So P is a non-removable base point of L if and only if F P is not a free O P -module; in particular, P is singular if so.
1.2. The Canonical Model. Given any integral scheme A, any map ϕ : A → C and a sheaf G on C, set
Given any coherent sheaf F on C set
is base point free. He considered then the morphism κ : C → P g−1 induced by it and called C ′ := κ(C) the canonical model of C. He also proved in [25, Thm 17 ] that if C is nonhyperelliptic, the map π : C → C factors through a map π ′ :
In [17, Dfn 4.9] one finds another characterization of C ′ . It is the image of the morphism κ :
. By Rosenlicht's Theorem, since ω is generated by global sections, we have that κ : C → C ′ is an isomorphism if C is nonhyperelliptic. Now set Oω := π * (O C ω) and take λ ∈ H 0 (ω) such that (Oω) P = O P λ for every singular point P ∈ C. Such a differential exists because H 0 (ω) generates Oω as proved in [25, p 188 top] , and because the singular points of C are of finite number and k is infinite since it is algebraically closed. Set
If so, we have
⊂ O P for every singular point P ∈ C, where the equality makes sense if and only if C is nonhyperelliptic. Definition 1.1. Let P ∈ C be any point. Set
and also η :=
In particular, letting g ′ be the genus of C ′ , we have [17, Thm. 5 .10]; (iii) P is Gorenstein if and only if η P = µ P = 0, and P is non-Gorenstein if and only if η P , µ P > 0 by [4, p. 438 top]; besides, if η P = 1 then µ P = 1, by [4, Prp. 21] . In particular, a Kunz curve with only one non-Gorenstein point is as close to being Gorenstein as it gets.
1.3. Semigroup of Values. Now we establish few notations on evaluations. Given a unibranch point P ∈ C and any function x ∈ k(C) * , set
where P is the point of C over P . The semigroup of values of P is
We also feature two elements of S, namely:
(3) α P := min(S \ {0}) and β P := min(v P (C P )).
The set of gaps of S P is G P := N \ S P and one defines the local invariant
which agrees with the singularity degree of P , that is, δ P = dim(O P /O P ). The Frobenius vector of S P is γ P := β P − 1 and one sets (4) K P := {a ∈ Z | γ P − a ∈ S P } whose importance will appear later on.
, is a projective variety of dimension d which, after a suitable choice of coordinates, is the set of points (x 0 : . . . : x N ) ⊂ P N such that the rank of (5)
is smaller than 2. So, in particular,
where e := m 1 + . . . + m d Note that S is the disjoint union of (d−1)-planes determined by a (parametrized) choice of a point in each of the d rational normal curves of degree m d lying on complementary spaces on P N . We will refer to any of these (d − 1)-planes as a fiber. So S is smooth if m i > 0 for all i ∈ {1, . . . , d}. From this geometric description one may see that (7) deg(S) = e
The scroll S can also naturally be seen as the image of a projective bundle. In fact,
, one has a birational morphism
The morphism is such that any fiber of P(E) → P 1 is sent to a fiber of S. It is an isomorphism if S is smooth. One can check, for instance, [12, 23] for more details.
In this case, one may describe the Picard group of the scroll as
where F is the class of a fiber, and H is the hyperplane class. One may also compute its Chow ring as
From (7) we get the relations
The canonical class in S is given by (10) 
which are important in the analisys of effective divisors on S.
Canonical Models on Scrolls via Gonality
In this section we analyze the relation between pencils on a curve and scrolls it might lie on. We are particularly interested when this curve happens to be a canonical model. So let L(F , V ) be a pencil on a curve C ⊂ P n ; and assume
where D is an effective Weil divisor on C supported outside Sing(C). Let also H be a hyperplane divisor on C and suppose the curve is linearly normal, that is, the hyperplane sections cut out a complete linear series. In this framework, one may adjust, for instance, Schreyer's survey in [26, pp. 113-115 ] to the singular case, in order to induce, by means of L, an inclusion C ⊂ S ⊂ P n where S is a rational normal scroll.
In fact, consider then the multiplication map
and assume f :
) whose 2 × 2 minors vanish on C. Thus C is contained in the rational normal scroll S defined by these minors, which is such that (14) dim
We may apply this construction to the following example.
Example 2.1. We already know from [24] that any trigonal canonical (Gorenstein) curve lies on a 2-fold scroll. So consider, for example, the curve
It is a rational monomial curve with just one singular point P = (1 : 0 : 0 : 0 : 0 : 0). So its genus agrees with the singularity degree of P . Now S P = 3, 7 , hence C has genus g = δ P = 6. Moreover, deg(C) = 10 so C is canonical. One can check that the curve is also trigonal, with the gonality computed by the linear series |O C (3Q)|, where Q = (0 : 0 : 0 : 0 : 0 : 1). So we may use the theory sketched above to place C within a 2-fold scroll. We have that V = 1, t 3 , H = 10 Q and
So, according to (14) , C lies on a 2-fold scroll S since
In order to see this scroll in a way that it is defined by a matrix just like (5), one may reorder the coordinates as
If so, S is the surface of P 5 cut out by the 2 × 2 minors of
Note that the scroll is of the form S 13 . Note also that the sections of the first row (when restricted to
, while the sections of the second row generate t 3 ⊗ H 0 (O C (7Q)) exactly as in the map (13) . A small disturb on the above example is enough to realize how things get worse when one goes through the non-Gorenstein case. For instance, let now C be a rational monomial curve with just one singularity whose semigroup is the same above up to the removal of 7. Namely, a linearly normal model for such a curve with smaller possible dimension of the ambient space is
The singular point is P = (1 : 0 : . . . : 0). Since S P = 3, 10, 14 , the curve has genus g = δ P = 7. And since β P = 12 = 2δ P , it follows that P is non-Gorenstein, and so is C. Moreover, the curve is also trigonal, with gonality computed by |O C (3Q)|, where Q = (0 : . . . : 0 : 1), similar to the prior example. However, this pencil does not induce an inclusion of C on a 2-fold scroll, as would be expected. In fact, we have that H = 14Q and
So, according to (14) , C lies on a scroll of dimension
In order to achieve the expected dimension, one may deal with the canonical model C ′ instead. Although C ′ is not isomorphic to C (since the latter is non-Gorenstein), it does preserve this desired property related to the gonality of C. Indeed, by Theorem 4.1 ahead, we have that
which is clearly contained on a 2-fold scroll of the form S 23 . This inclusion of the canonical model C ′ ⊂ S 23 can be obtained, for instance, dealing with the pullback |(π ′ ) * (O C (3Q))| and following the same steps above.
A general result relating pencils and scrolls for an arbitrary rational singular curve (not necessarily monomial) with prescribed degree and ambient space dimension can be found, for instance, in [10] (motivated by [9] ). However, if the concern is gonality (and hence canonical models), then the way of inducing an inclusion of C ′ on a scroll by means of a g Theorem 2.2. Let C be an integral and projective curve of arithmetic genus g over an algebraically closed field k, and
where S is an m-dimensional rational normal scroll, such that:
(i) if the expression above is not extrictly positive, then S is smooth;
(ii) if L is complete and base point free, then dim(Sing(S)) ≤ m − 3; (III) If C is Gorenstein and L is complete with a base point then S is singular.
Proof. Without loss in generality one may write
defined for any f ∈ Hom(F , ω). Note that ϕ is non-stable, i.e., for any subspace 
and, in particular,
where the third equality holds since ϕ is injective. Now deg(F ) = d and
with equality holding if and only if L is complete. So (I) is proved. To prove (II), set G := x −1 F , and note that ϕ(H 1 (F )) = xH 1 (F ) = H 1 (G). Now, for any subsheaves F and G of the constant sheaf K of rational functions of the curve C, one may form the short exact sequence
and apply the left exact functor H 0 (Hom(•, ω)) to get
from which we conclude that
From (21) we also have that
For F as in the statement of the theorem, and G as priorly set, it is easily seen by the definition of the latter that
With this in mind, we have
2 where the fourth equality holds from (17) , the fifth is due to (19) and RiemannRoch, the unequality follows from [11, App.] , and the seventh equality owes to (18) . So item (II).(i) follows. Now, if L is base point free, then F ∩ G = O, and if it is complete, then h 0 (F ) = 2, so (II).
(ii) follows as well. To prove (III), the natural isomorphism Hom(F ∩G, ω) = Hom(F , ω)+Hom(G, ω) yields the inclusion
On the other hand, if L is has a base point P , which is Gorenstein since C is so, then F P ∩ G P O P , thus deg(F ∩ G) > 0 and hence s > 0, i.e., S is singular.
As a consequence of the above result we have the following. Proof. By item (I) of the prior theorem, it suffices to prove that if a linear series L computes the gonality of C, then it is complete. So write L = (F , V ) where F is torsion free of rank 1. Choose any regular point P ∈ C and consider the sequence
Taking Euler characteristic yields
Now both summands are nonnegative; besides, h 0 (F ) ≥ dim(V ) = 2 and we also have that h 0 (F (−P )) ≤ 1 because this sheaf is of degree d − 1 and the gonality of C is d. Thus h 0 (F ) = 2 as desired, i.e., L is complete.
Gonality via Canonical Models on Scrolls
The point of departure of this section is the assumption that the canonical model C ′ is a complete intersection inside a smooth scroll S. From this, we derive some properties about C in terms of invariants of S and C ′ . To begin with, let X be a curve lying on a d-dimensional smooth variety S as
where the D i 's are divisors on S, and set E :
In order to compute the arithmetic genus of X, consider its resolution inside S via Koszul Complex given by
and for an arbitrary divisor D ∈ Pic(S), Hirzebruch-Riemann-Roch Theorem yields
where t i is the ith degree component of the Todd class of the tangent bundle T S . On the other hand, note that whatever are α 1 , . . . , α s ∈ A, a commutative ring, we have that (23)
So apply (22) to (21) 
Now recall that t d = χ(O S ) and t 1 = c 1 (T S )/2, which yields the formula (24) 2p
Now assume S is a rational normal scroll and recall the settings of Section 1.4. To any curve X ⊂ S consider the parameter (25) ℓ := X · F which will be widely studied here. If X is a complete intersection inside S write
as above. Then, from (8) and (9), we easily get
and one may also use these relations to compute X · H and obtain
For the remainder and for the sake of simplicity, write
If so, we will refer to X as being of (a, b)-type, and note that
while from (10) we have that
So to compute the arithmetic genus of X, we get
and similarly
which, combined with (24), yield
that is a helpful tool to be used here applied to canonical models of curves.
In the following result we generalize, to arbitrary dimension, [18, Thms. 2.1, 4.1] which study curves C for which the canonical model C ′ lies on a d-fold scroll for d = 2, 3. The idea is to put the statement within a way that both cases can be deduced from general formulae involving d; and the reason why focusing just on the cases ℓ = 1, 2, d, d + 1 in item (II) will be clear after Theorem 3.2.
Theorem 3.1. Let C be a nonhyperelliptic curve of genus g ≥ d + 3, whose canonical model C ′ , of genus g ′ , lies on a smooth d-dimensional rational normal scroll S as a complete intersection of (a, b)-type. Let ℓ be the number of points of C ′ in a generic fiber of the scroll. Then the following hold:
) then either C is Gorenstein at most tetragonal or, else, the equality holds if and only if ℓ = 2 and C ′ is elliptic. Otherwise
and C is rational with all singular points nonGorenstein; (ii) if ℓ = 2 and C ′ is not elliptic, then
where τ ∈ {−1, 0, 1, . . . , d − 3}. In particular, if d = 2 then C is nearly Gorenstein; and if d = 3, then C is Kunz with just one non-Gorenstein
where τ ∈ {0, 1, . . . , d − 2}. In particular, if d = 2 then C is almost Gorenstein if and only if it is Kunz; and if d = 3, then C is Kunz with just one non-Gorenstein point iff b = −(3g − 2)/2 with g even. (IV) If C is non-Gorenstein and ℓ ≥ 3, writing S = S m1,...,m d we have Proof. We start by pointing out that item (I) and and the upper bound in (IV) do not actually depend on C ′ being a complete intersection in S. So we begin our proof by these parts. To see (I), first note that, since S is nonsingular, ℓ agrees with the intersection number C ′ · F priorly defined. Moreover, the fibers of S cut out a g 1 ℓ which we may write as L(O C ′ (D), V ). We may assume D is effective, and considering the following sequence
which is the degree of the pencil L(π ′ * (O C ′ (D)), V ) on C and, in particular, beats its gonality. To check the upper bound in (IV), follow [26, pp. 113-115 ] to see that [17, Cor. 4.9] and the bound follows comparing degrees.
To prove the remaining items, we will take X = C ′ in (28). If so, note that p a (C ′ ) = g − η − µ due to (2), and deg(C ′ ) = deg(O C ′ (H)) = 2g − 2 − η as we just have seen. Besides, the ambient dimension is N = g − 1 which implies that e = g − d by (6) . Thus (28) reduces to
If b = d + 2 − g, the above equality provides the formula of (II). Otherwise
Since the left hand side of the equation is positive, we have that a ≤ d + 1. Now note that C ′ is given by the intersection of effective divisors, so all a i ≥ 0 due to (11) . Moreover, by its very construction, C ′ is nondegenerate; therefore ℓ ≥ 1, which implies that all a i ≥ 1 and hence a ≥ d − 1. Being nondegenerate in P g−1 , it follows that C ′ has degree at least g − 1. So if all a i = 1, then (27) yields
which is precluded since g ≥ d + 3 ≥ 5. Therefore at least one a i = 1 and hence a ≥ d. Now a = d if and only if there is exactly one a i = 1, and it must be 2, which holds if and only if ℓ = 2; besides (30) establishes the relation
which, by (2) , is equivalent to g ′ = 1, i.e., C ′ is elliptic. If a = d + 1, then either there are just two a i = 1 both with value 2, so ℓ = 4, or there is exactly one a i = 1 and with value 3, so ℓ = 3; besides the vanishing of the left hand side of (30) implies that C is Gorenstein. In this case, C ∼ = C ′ and, recalling that the fibers cut out a g 1 ℓ in C ′ , the gonality of C is at most ℓ, which, as just seen, should be 3 or 4 in such a case. So the first statement of (II) is proved up to sufficiency, which will be analyzed right away when we deal with the case ℓ = 2.
To carry out (II), it remains proving that ℓ ≤ 3 if d = 2. In fact, d = 2 is a special case where a = ℓ and b = d ′ − ℓ(g − 2) with, say, d ′ := deg(C ′ ), owing to (27) . So (28) turns into
Since y = p(x) is concave downwards with roots 1 and 2(d ′ − 1)/(g − 2), and g ′ is positive, it follows that
If C is Gorenstein then g ′ = g, so taking ℓ = 4 in (31) yields g = 3 which is precluded. And if C is not Gorenstein and ℓ = 4 then η = 1 and thus g ′ = 0; but by Remark 1.2.(iii), µ = 1 as well so g = 2 which cannot happen either. It follows that ℓ ≤ 3 in any case.
To prove (III), assume ℓ = 1. If so, the fibers of S cut out a g
Since C is nonhyperelliptic, C and C ′ are birationally equivalent, so C is rational. Moreover, as C ′ is nonsingular, then all singular points of C must be non-Gorenstein, because O C ′ ,P ∼ = O C,P if P is Gorenstein and C nonhyperelliptic.
If ℓ = 2 then, as said above, a = d and (29) yields 
so replacing this in (iv) yields η = µ, which implies that C is almost Gorenstein iff it is Kunz. And if d = 3 then either τ = 0, which implies that b = −g + 5 − (η + 2µ)/4 which precludes the case η = µ = 1 since b is an integer, or, else τ = 1 and b = −(3g − 2)/2 with g even for C to be Kunz with just one non-Gorenstein point.
To finish the proof, recall that m 1 ≥ −b/a by (11). Since we are assuming ℓ ≥ 3, we may take a ≥ d + 1 as discussed above. If equality holds then (29) yields
and the lower bound follows disregarding the sum of the last two terms, which is positive since C is non-Gorenstein. On the other hand, if a > d + 1 then (29) yields
and the bound follows since d ′ ≥ g − 1 as seen above, η + 2µ ≥ 3 because C is non-Gorenstein, and (d − 1)
As pointed out in [18, Thm 4.1], if d = 3 a similar result can be obtained relaxing the hypothesys to C ′ being just a local complete intersection. This was done via Hartshorne-Serre correspondence for varieties of codimension 2 lying on a smooth ambient. So we may complete the tableaux in [18, Sec. 5] of all tetragonal rational monomial curves by exhibiting chart equations adjusting the methods of [3] . The parameter ℓ defined above can be computed independently for such a curve. In fact, one may write an affine chart of the scroll S m1...m d where C ′ lies as
This yields morphisms
and hence ℓ agrees with the generic number of points in a fiber of ϕ i no matter is i ∈ {1, . . . , d}. If C is rational monomial, then one may write x = t r and y i = t si . So the number of points in the pre-image of (1 : a : . . . : a mi ) is precisely the number of solutions of the equation t r = a because any t determines a unique point of C ′ since it is parametrized. Thus ℓ = r and, by construction, this r agrees with the same common difference of the arithmetic progression of Lemma 4.2. The following tableau improves then [18, pp. 18-19] , where, for any rational monomial tetragonal curve C with just one singular point of genus at most 8, is given the canonical model C ′ and a scroll S it lies on. Here we also give the equations of C ′ in S, the parameter ℓ, and the kind of singularities.
genus
5
(1 : Note that in the tableau of [18, p. 11] one finds no trigonal nearly Gorenstein (or Kunz) curve C for which the canonical model C ′ lies on a smooth surface scroll with ℓ = 1. And in the above tableau, one also finds any tetragonal nearly Gorenstein C with C ′ lying on a 3-fold scroll with ℓ = 1, 2. This motivates the following result.
Theorem 3.2. Let C be a nearly Gorenstein curve, whose canonical model C ′ lies on a smooth d-dimensional rational normal scroll S. If the fibers of S cut out a complete g
Proof. Since S is smooth, the g ′ for the left hand side of the latter equality, while using (6) and (7) for the right hand side we get
Recalling that g ′ = g − η − µ and that C is nearly Gorenstein if and only if µ = 1, we have that (32) turns into
. Pushing forward and using Serre duality on C we get
). Now, since C is nearly Gorenstein, it has a unique non-Gorenstein point, say P . We may assume that D is supported outside (π ′ ) −1 (P ). So, by construction,
where the last equality holds since the g 1 ℓ is complete. The result follows by (33). As observed in [18] , the efforts we make here to charcterize gonality via scrolls, though general, are still incipient. A detailed study of syzygies in the same way of, e.g., [26] or [7] (and references therein), will likely be required; or even adjusting the techniques of the recent [15] (and references therein) to canonical models, and also scrolls as the ambient space.
The Gonality of Rational Monomial Curves
Now we set the objects we'll be dealing with in this section. Consider the morphism
The image C of such a map is what we call a rational monomial curve, which, for simplicity, we denote by
with a 1 < . . . < a n . Note that C admits at most two singular points which are Theorem 4.1. Let C be a rational monomial curve. Then its canonical model is
where {0, b 2 , . . . , b δP } = γ P − G P and {c 1 , . . . , c δQ } = γ P + G Q .
Proof. Let g be the genus of C and let W be a torsion free subsheaf of rank 1 of the constant sheaf of rational functions K on C. If h 0 (W) ≥ g and deg(W) = 2g − 2 then there exists an embedding of the dualizing sheaf ω ֒→ K whose image is W. In fact, this can be seen, for instance, rephrasing [27, p. 110 top] in terms of sheaves. So consider the subsheaf of K defined by
that is, it is generated by the (global) sections 1, t bi , t cj ∈ k(t) = k(C) defined by the statement of the theorem. Since the b i and c j all differ to one another, these sections are linear independent, so h 0 (W) ≥ δ P + δ Q = g. We claim that deg(W) = 2g − 2 as well.
In order to prove this, first note that 1 ∈ H 0 (W) thus W ⊃ O and hence
Now if R = P, Q, then, clearly, W R = O R and any such an R gives no contribution to the degree. Let us compute the dimension for the point Q. Recall, for instance,
We assert that
, and that t ci ∈ W Q by construction; on the other hand, v Q (t ci ) = −c i so the inclusion of the first set in the above union holds. Now let r ∈ Z be such that r ≤ γ P − 1; then, in particular, c i − r ≥ 2 for any i; since the number of c i 's is the number of gaps of S Q and 1 is a gap, we have that c j − r ∈ S Q for some j, so take f ∈ O Q for which v Q (f ) = c j − r; thus t cj f ∈ W Q and v Q (t cj f ) = −c j + c j − r = −r so the inclusions of the second and third sets above hold as well.
To prove "⊂" we use the fact that C is monomial and, in particular, so is the local ring of Q. That is, if one writes (36) S Q = {0, s 1 , . . . , s n , β Q , →} then we have that
. . , b δP , c 1 , . . . , c δQ } and s ∈ S Q . So it suffices to show that if s − d ≤ −γ P then d − s − γ P ∈ S Q . Now the inequality implies that d ∈ {c 1 , . . . , c δQ } = γ P + G Q . Hence there is an ℓ ∈ G P for which d = γ P + ℓ yielding that d − s − γ P = ℓ − s which cannot be in S Q otherwise so would be ℓ. Thus "⊂" is proved too.
From (34) and (35) we conclude that
Now let us compute the dimension for the point P . We claim that
Indeed, "⊃" trivially comes from the fact that (40)
To prove "⊂" note first that
where the latter was defined in (4). Since "⊃" holds, it is enough showing that
as well. To see so, recall again that C is monomial thus O P also satisfies (37) replacing Q by P and t −1 by t. Combining this with (40) it suffices to prove that S P + K P ⊂ K P to get (41); or, in the language of semigroups, that K P is an S P relative ideal; but this is known, for instance, by [16] , so "⊂" holds and the claim follows.
Thus, from (39), we have that dim(W P /C P ) = δ P . Therefore one may write
Combining this along with (38) yields
So W is an isomorphic image of ω in K as desired. Call
Since W ∼ = ω, in particular, h 0 (W) = g and hence H 0 (W) = V . Now C = P 1 so the canonical model C ′ is the image of the morphism κ :
where
and we are done. Now we recall a result for general scrolls which will be helpful for our purposes. We just warn the reader that the statement -as any involving monomialitydepends on a choice of coordinates of the ambient space, though one is allowed at least to reodering them. With this in mind, we are ready to prove the following result. Supposing also that d − 1 is the smallest dimension of a scroll on which C ′ can lie, we see from Lemma 4.2 that any ending element e = e i of A i satisfies e + r / ∈ A. Now consider the subsheaf of K on C defined by F := O C 1, t r generated by the (global) sections 1, t r ∈ k(C) = k(t). We claim that deg(F ) = d
In order to prove so, note that since C is monomial and t (resp. t −1 ) is a local parameter for P (resp. Q) we have that
Thus, from what was said in the proof of the prior theorem, we conclude that deg(F ) = #(S P + r \ S P ) + #(S Q − r \ S Q ) Now let e = e i ∈ A i for some i ∈ {1, . . . , d − 1}. Consider the following cases: (i) if e = γ P − ℓ with ℓ ∈ G P and ℓ ≥ r then ℓ − r ∈ S P since e + r ∈ A, which implies that ℓ ∈ S P + r \ S P ; (ii) if e = γ P − ℓ with ℓ ∈ G P and ℓ < r then r − ℓ ∈ S Q since e + r ∈ A, which implies that −ℓ ∈ S Q − r \ S Q ; (iii) if e = γ P + ℓ with ℓ ∈ G Q then ℓ + r ∈ S Q since e + r ∈ A, thus ℓ ∈ S Q − r \ S Q ;
Moreover, −r ∈ S Q − r \ S Q . Therefore, combining this along with the three statements above we get that deg(F ) ≥ d. Let us now prove that equality holds.
If s ∈ S P with s + r / ∈ S P , then γ P − (s + r) ∈ A and γ P − s / ∈ A; therefore γ P − (s + r) = e i for some i.
If s ∈ S Q with s − r / ∈ S Q we have two cases to analyze. First, if s > r, then γ P + (s − r) ∈ A and γ P + s ∈ A; therefore γ P + (s − r) = e i for some i.
Otherwise, if s < r, we break down this case within two new ones. If r − s ∈ S P , then γ P − (r − s) ∈ A and γ P + s / ∈ A therefore γ P − (r − s) = e i for some i. If not, i.e., if r − s ∈ S P , take a new partition of A with subsets all forming an arithmetic progression with same common difference r − s. Note that one can always do that no matter if no elements of A will be linked to one another. But we claim that, in our case, the new partition splits A into d − 1 disjoint sets as well. In fact, if γ P − ℓ ∈ A for ℓ ∈ G P with ℓ ≥ r − s then γ P − l + r − s ∈ A because otherwise l − r + s ∈ S P which implies that ℓ ∈ S P which cannot occur. So if γ P − ℓ, with ℓ ∈ G P , ends a subset of A in the new partition then ℓ < r − s and γ P + r − s − ℓ ∈ A; thus r − s − ℓ ∈ S Q and hence r − ℓ ∈ S Q . But this implies that γ P − ℓ ends a subset of A in the first partition as well. And if γ P + ℓ, with ℓ ∈ G Q , ends a subset of A in the new partition then γ P + ℓ + r − s ∈ A, which implies that ℓ + r − s ∈ S Q and so ℓ + r ∈ S Q ; thus γ P − ℓ also ends a subset of A in the first partition. It follows that if the new partion subdivide A in d ′ subsets, then d ′ ≤ d − 1. But equality should hold otherwise, by Lemma 4.2, C ′ lies on a d ′ -fold scroll with d ′ < d − 1, which contradicts the hypothesys. So one may replace r by r − s and restart the proof over and over again until we make sure that r − s ∈ S P for any s ∈ S Q with s − r ∈ S Q . This will surely happen as r decreases each step.
So deg(F ) = d and gon(C) ≤ d. But it has to be d, because otherwise C ′ would lie on a scroll of dimension smaller than d − 1 due to our induction hypothesis.
Conversely, necessity follows from Theorem 2.2.(I) and induction.
